Abstract. Studying the (long-term) behavior of the Kähler-Ricci flow on mildly singular varieties, one is naturally lead to study weak solutions of degenerate parabolic complex Monge-Ampère equations.
Introduction
The study of the (long-term) behavior of the Kähler-Ricci flow on mildly singular varieties in relation to the Minimal Model Program was undertaken by J. Song and G. Tian [ST12, ST09] and requires a theory of weak solutions for certain degenerate parabolic complex Monge-Ampère equations modelled on:
(0.1) ∂φ ∂t + φ = log (dd c φ) n V where V is volume form and φ a t-dependant Kähler potential on a compact Kähler manifold. The approach in [ST09] is to regularize the equation and take limits of the solutions of the regularized equation with uniform higher order estimates. But as far as the existence and uniqueness statements in [ST09] are concerned, we believe that a zeroth order approach would be both simpler and more efficient.
There is a well established pluripotential theory of weak solutions to elliptic complex Monge-Ampère equations, following the pionnering work of Bedford and Taylor [BT76, BT82] in the local case (domains in C n ). A complementary viscosity approach has been developed only recently in [HL09, EGZ11, Wang12, EGZ13] both in the local and the global case (compact Kähler manifolds).
Suprisingly no similar theory has ever been developed on the parabolic side. The most significant reference for a parabolic flow of plurisubharmonic functions on a pseudoconvex domains is [Gav77] but the flow studied there takes the form (0.2) ∂φ ∂t = ((dd c φ) n )
1/n which does not make sense in the global case. The purpose of this article, the second of a series on this subject, is to develop a viscosity theory for degenerate complex Monge-Ampère flows of the form (0.3). This article focuses on solving this problem on compact Kähler manifolds, while its companion [EGZ14] is concerned with the local case (domains in C n ). More precisely we study here the complex degenerate parabolic complex Monge-Ampère flows (0.3) eφ t+F (t,x,ϕ) µ(t, x) − (ω t + dd c ϕ t ) n = 0, where
• ω = ω(t, x) is a continuous family of semi-positive (1, 1)-forms on X, • F (t, z, r) is continuous in [0, T [×X × R and non decreasing in r,
• µ(t, z) ≥ 0 is a bounded continuous volume form on X, • ϕ : X T := [0, T [×X → R is the unknown function, with ϕ t := ϕ(t, ·). Our plan is to adapt the viscosity approach developped by P.L. Lions and al. (see [IL90, CIL92] ) to the complex case, using the elliptic side of the theory which was developped in [EGZ11] . It should be noted that the method used in [ST09] is a version of the classical PDE method of vanishing viscosity which was superseded by the theory of viscosity solutions.
We develop the appropriate definitions of (viscosity) subsolution, supersolution and solution in the first section, and connect these to weak solutions of the Kähler-Ricci flow (normalized or not).
As is often the case in the viscosity theory, one of our main technical tools is the global comparison principle. We actually establish several comparison principles in the second section, in particular the following:
Theorem A. Assume t → ω t is non-decreasing or more generally regular in the sense of Definition 2.5. If ϕ (resp. ψ) is a bounded subsolution (resp. supersolution) of the above degenerate parabolic equation then
with the notation a + = max(a, 0), given a a real number. We do not reproduce here the rather technical Definition 2.5 and refer the reader to section 2 instead. It is enough to record here that the condition is satisfied in all the situations arising from the Kähler-Ricci flow with singularities.
In the third section we specialise to the complex Monge-Ampère flows arising in the study of the (normalized) Kähler-Ricci flow on mildly singular varieties, assuming F (t, x, ϕ) = αϕ, and µ(x, t) = e u(x) f (x, t)dV (x), where f > 0 is a positive continuous density and u is quasi-plurisubharmonic function that is exponentially continuous (i.e. such that e u is continuous).
We construct barriers at each point of the parabolic boundary and use the Perron method to eventually show the existence of a viscosity solution to the Cauchy problem:
Theorem B. Let ϕ 0 be a continuous ω 0 -plurisubharmonic function on X and assume F, µ are as above. The Cauchy problem for the parabolic complex Monge-Ampère equation with initial data ϕ 0 admits a unique viscosity solution ϕ(t, x); it is the upper envelope of all subsolutions.
We describe applications to the Kähler-Ricci flow on varieties with a definite first Chern class in the fourth section, showing in particular a generalization of Cao's theorem [Cao85] :
Theorem C. Let Y be a Q-Calabi-Yau variety and S 0 a positive closed current with continuous potentials representing a Kähler class α ∈ H 1,1 (Y, R). The Kähler-Ricci flow ∂ω t ∂t = −Ric(ω t )
can be uniquely run from S 0 and converges, as t → +∞, towards the unique Ricci flat Kähler-Einstein current S KE in α.
We similarly handle the case of canonical models:
Theorem D. Let Y be a canonical model, i.e. a general type projective algebraic variety with only canonical singularities such that K Y is nef and big and S 0 a positive closed current with continuous potential representing a Kähler class α ∈ H 1,1 (Y, R). The normalized Kähler-Ricci flow ∂ω t ∂t = −Ric(ω t ) − ω t can be uniquely run from S 0 and exists for all time. Moreover ω t has continuous potentials on R + × Y and converges, as t → +∞, towards the unique singular Kähler-Einstein metric S KE on Y .
The convergence is here uniform at the level of potentials. The existence of S KE is due to [EGZ09] , while the continuity of its potentials follows from the elliptic viscosity approach of [EGZ11] .
We also show that the weak Kähler-Ricci flows considered by Song-Tian [ST09] (when the measure µ is sufficiently regular) coincide with ours, this yields in particular the global continuity of the corresponding potentials which was not established in [ST09] .
We conclude by proposing a (discontinuous) viscosity approach to understanding the behavior of the Kähler-Ricci flow over the flips. This requires to extend our results allowing for discontinuous densities, a promising line of research for the future. We plan to come back to that question in a forthcoming work.
We learnt of the possibility to use viscosity solutions in the present context via a hint in [CasLaN06] where no attempt to fully justify this technique was made.
1. Complex Monge-Ampère flows on compact manifolds 1.1. Geometrical Background for Complex Monge-Ampère flows. Let X be a n-dimensionnal compact complex manifold and n = dim C (X).
The sheaf Z
1,1
X of closed (1, 1)-forms with continuous potential is, by definition, the quotient sheaf Z 1,1 X := C 0 X /PH X of the sheaf C 0 X of real valued continuous functions on X by its subsheaf of pluriharmonic functions. Given a section of Z
It is straighforward to see that there is a covering U = (U β ) β∈B of X such that, for every ω a global section of the sheaf Z 1,1
The covering U will be fixed throughout the article for technical reasons but our results will not depend on this choice.
We have a natural map Z 1,1
X hence for every t ∈ [0, T [, ω defines a closed real (1, 1)-form with continuous potentials ω t by the prescription:
and, taking the Bott Chern cohomology class {ω t } of ω t , we get a map
Let us remark that the previous definitions make sense for normal complex spaces. However, for the formulation of the flows to be given in the next paragraph, it is necessary to assume smoothness. 
) is a continuous family of closed real (1, 1)−forms on X in the sense of definition 1.1; 
Here: φ : X T −→ R is the unknown function.
A classical solution of a complex Monge-Ampère flow is a function of class
Definition 1.3. A function φ : X T → R is a viscosity sub/super-solution of (CM AF ) ω,µ,F iff, for each β ∈ B, ψ = φ + Φ β is a viscosity sub/supersolution of the following parabolic Monge-Ampère equation:
A bounded function φ : X T → R is a viscosity solution of (CM AF ) ω,µ,F iff it is both a sub-and a supersolution of (CM AF ) ω,µ,F . Such a function is continuous.
A bounded function φ : X T → R is a discontinuous viscosity solution of (CM AF ) ω,µ,F iff its upper semi-continuous regularisation φ * is a subsolution of (CM AF ) ω,µ,F and its lower semicontinuous regularisation φ * is a supersolution of (CM AF ) ω,µ,F .
If a viscosity solution (resp. subsolution, resp. supersolution) is of class C 1,2 , it is a classical solution (resp. subsolution, resp. supersolution). We refer the reader to [EGZ14] for a study of viscosity sub/super-solutions to local complex Monge-Ampère flows.
This definition is a special case of the general theory of [CIL92] for viscosity solutions of general degenerate elliptic/parabolic equations. The reader is referred to this survey article for the first principles of the theory. The basic fact we certainly need to recall is that subsolutions are u.s.c whereas supersolutions are l.s.c.
Recall that if ω is a closed smooth (1, 1)-form in X, then the complex Monge-Ampère measure (ω + dd c ψ) n is well-defined in the pluripotential sense for all bounded ω-psh functions ψ in X, as follows from the work of Bedford and Taylor (see [BT76] , [GZ05] ) and viscosity (sub)solutions of complex Monge-Ampère equations can be interpreted in pluripotential theory as explained in [EGZ11, Theorem 1.9].
On the other hand, it is not clear to us how to interpret viscosity solutions of Complex Monge-Ampère flows in terms of pluripotential theory. We will note however the following useful lemma which follows easily from [EGZ11, Theorem 1.9, Lemma 4.7]. Lemma 1.4. Let u ∈ C 0 (X T , R) such that:
• u admits a continuous partial derivative ∂ t u with respect to t, • For every t ∈]0, T [, the restriction u t of u to X t satisfies
in the pluripotential sense on X t . Then u is a subsolution of (CM AF ) ω,µ,F . Let v ∈ C 0 (X T , R) such that:
• The restriction v t of v to X t is ω t -psh,
• v admits a continuous partial derivative ∂ t v with respect to t, • There exists a continuous function w such that, for every t ∈]0, T [, the restriction v t to X t satisfies
in the pluripotential sense on X t and
We also need to record a basic property from [EGZ14] . Proposition 1.5. Let φ be a viscosity subsolution of (CM AF ) ω,µ,F . For each t ∈]0, T [, we have φ t ∈ PSH(X, ω t ).
Let us remark that, for these applications of the results of [EGZ14] on weak solutions to local complex Monge-Ampère flows, it is actually enough to assume the technical condition that Φ β is continuous and locally Lipschitz in the time variable (hence ∂ ∂t Φ β exists a.e. ) and µ is only measurable but:
∂t µ| U β is continuous. We note that this condition allows the function t → {ω t } be Lipschitz non-differentiable. However, we are not able to prove global results unless the following stronger regularity condition holds:
which is indeed what Definition 1.2 requires.
1.3. The Kähler Ricci flow with canonical singularities.
Normalized Kähler-Ricci flow. Let us now interpret in the present framework the Kähler-Ricci flow on varieties with canonical singularities that was defined in [ST09] . Let Y be an irreducible normal compact Kähler space with only canonical singularities and n = dim C (Y ). Let π : X → Y be a log-resolution, i.e.: X is a compact Kähler manifold, π is a bimeromorphic projective morphism and Exc(π) is a divisor with simple normal crossings. Denote by {E} E∈E the family of the irreducible components of Exc(π). With this notation, one has furthermore
where a E ∈ Q ≥0 , K Y denote the first Chern class in Bott-Chern cohomology of the Q-line bundle O Y (K Y ) on Y whose restriction to the smooth locus is the line bundle whose sections are holomorphic top dimensional forms (or according to the standard terminology canonical forms), K X the canonical class of X and E also denotes with a slight abuse of language the cohomology class of E. This means that for every non-vanishing locally defined multivalued canonical form η defined over Y , the holomorphic multivalued canonical form π * η on X has a zero of order a E along E.
the open convex cone of Kähler classes and let ω 0 be a semi-Kähler form on Y with C 2 potential (see [EGZ09] for the definitions of Kähler metrics and variants on normal complex spaces) such that {ω 0 } + ǫK Y ∈ K(Y ) for 1 ≫ ǫ > 0. Assume h is a smooth hermitian metric on the holomorphic Q-line bundle underlying O Y (K Y ). Then
We are going to study the existence and the long term behavior of the normalized Kähler-Ricci flow (NKRF for short) on Y ,
starting from the initial data ω 0 . At the cohomological level, this yields a first order ODE showing that the cohomology class of ω t evolves as
We thus let T max ∈]0, +∞] be defined by
and denote by the following
where χ 0 is a smooth Kähler representative of the Kähler class ω 0 and χ is a smooth representant of the canonical class K Y . Then ω = (ω t ) t∈[0,T [ the solution of the normalized Kähler-Ricci flow can be written as ω t = χ t + dd c φ t , where φ :
We now define
which we view as a continuous element of C 0 (X T , Ω n,n X T /[0,T [ ) and c n is the unique complex number of modulus 1 such that the expression is positive. As the notation suggests, µ N KRF is independent of the auxiliary multivalued holomorphic form η but depends on h an auxiliary smooth metric on Y . When it will be necessary to display this dependance we shall write µ N KRF (h). Since the local potentials of χ are of class C ∞ the pair (ω N KRF , µ N KRF ) satisfies the requirements of Definition 1.2.
In local coordinates µ N KRF has a continuous density of the form
where v > 0 is smooth and f E is an equation of E in these local coordinates.
Lemma 1.6. Every viscosity solution φ π of the Monge-Ampère flow Proof. The fact that ω + dd c φ does not depend on the auxiliary hermitian metric h is obvious. The rest follows from the quasi-plurisubharmonicity of viscosity (sub)solutions established in [EGZ14] , together with the argument in [EGZ09] for the static case which implies that φ π is constant along the fibers of π. This also works for subsolutions. A basic observation is that the normalized Kähler-Ricci flow can also be formulated as (CM AF ) ω ′ ,µ ′ where
Change of time variable. The important case of (CM AF ) ω,µ,F when dealing with the Kähler-Ricci flow is thus when F (t, x, r) = αr. Then the sign of α is crucial for the long term behavior of ϕ t . We however observe that it plays no role for finite time:
Lemma 1.8. The solutions of the flows: 
The proof is a straightforward computation. In the sequel we will therefore often reduce to the case α = 0.
Kähler-Ricci flow. The above formulation of the normalized Kähler-Ricci flow is adapted to the asymptotic behaviour of solutions when t → +∞. Applying Lemma 1.8 below to this flow, one gets another equivalent flow which is nothing but the (classical, unnormalized) Kähler-Ricci flow. This equivalent formulation is given in the definition:
W where W is a volume form with continuous positive density on X, s E ∈ H 0 (X, O X (E)) denotes the tautological section and h E a smooth metric on O X (E);
The corresponding cohomological flow takes the form
Klt pairs. Let us also mention without going into details that one may also replace Y with a pair (Y, ∆) having klt singularities. In that case,
with a E > −1. In that case µ N KRF has poles and the preceding discussion does not apply. However, using a construction of [EGZ09] , allowing high ramification along the E's, we construct a compact complex orbifold X whose moduli space is c : X → X and we may do the preceding construction replacing X by X . Indeed c * µ N KRF is continuous in orbifold coordinates.
1.4. The Perron discontinuous viscosity solution. A very attractive feature of discontinuous viscosity solutions is that their existence is easily established.
We say φ ∈ U SC(X T , R∪−∞) (resp. LSC(X T , R∪+∞)) is a subsolution (resp. supersolution) to the Cauchy problem:
The Cauchy problem (CM AF ) X,ω,µ,F (φ 0 ) is said to be admissible if it has a bounded subsolution and there exists a continuous function ψ such that φ 0 ≤ ψ| X×{0} and every subsolution is ≤ ψ.
For instance, if (CM AF ) X,ω,µ,F (φ 0 ) admits a classical strict supersolution ψ, this Cauchy problem is admissible. Proposition 1.11. If the Cauchy problem (CM AF ) X,ω,µ,F (φ 0 ) is admissible, denoting by S the set of all its subsolutions, the usc regularization s * of s := sup u∈S u is a discontinuous viscosity solution of (CM AF ) X,ω,µ,F .
Proof. Omitted. See [CIL92] , [IS13] .
This construction raises two issues: whether s * is continuous, hence a true viscosity solution and whether it is a solution to the Cauchy problem in the naïve sense namely whether s * | X×{0} = φ 0 . The first issue is generally treated using a Comparison Principle and the second issue is taken care of by barrier constructions.
The Parabolic Comparison Principle (PCP) states that if φ (resp. ψ) is a subsolution (resp. a supersolution) to (CM AF ) X,ω,µ,F (φ 0 ) then φ ≤ ψ. It implies that s * as in Proposition 1.11 is the unique viscosity solution to (CM AF ) X,ω,µ,F (φ 0 ) and that it is continuous. If the (PCP) holds for sub/supersolutions with extra regularity (e.g.: classical, Lipschitz, ...) it implies that there is at most one viscosity solution with this extra regularity.
Comparison Principles are rather elaborate forms of the maximum principle. We believe that (PCP) should hold under condition (1.1) provided there exists a semipositive smooth closed (1, 1)-form θ of positive volume such that ω t ≥ θ for all t ∈ [0, T [. Unfortunately, proving (PCP) is rather technical and we will describe what we have been able to prove in the next section. It is very encouraging that optimal results in that direction are available in the local case [EGZ14] .
Parabolic Comparison Principles
Let X be a compact complex manifold of dimension n and ω t a continuous family of closed real (1, 1)-forms on X. We consider the complex MongeAmpère flow on
according to definition 1.2.
Statement of the Global Parabolic Comparison principles.
Let ϕ (resp. ψ) be a bounded subsolution (resp. supersolution) to the parabolic complex Monge-Ampère equation (2.1) in X T associated to (ω, µ, F ). Our goal in this section is to establish several versions of the global comparison principle, starting with the following:
Theorem 2.1. Assume that µ(t, x) > 0 is positive in X T and that locally in ]0, T [×X we have the inequality ∂ t ψ ≥ −C in the sense of viscosity, for some constant
Observe that as in the local case (see [EGZ14] , Remark 2.4), in order to apply the parabolic Jensen-Ishii's maximum principle, we need to assume that the supersolution satisfies a local lower bound on its time derivative even when µ > 0, since our parabolic equation has a structural dissymetry.
The versions of the comparison principle that we will use in the sequel require that one weakens the hypothesis that µ be positive and lift the condition on ψ. It is not clear what is the optimal provable result in this direction. We will state and prove four variants which all require that we strengthen our working hypotheses as follows:
Since we also require F is non decreasing in the r variable, the conditions for F are satisfied when F (t, x, r) = αr with α ≥ 0.
Corollary 2.2. Assume (2.1) holds. Assume that µ(t, x) ≥ 0 in X T and locally in ]0, T [×X, there exists a constant C > 0 such that |∂ t ϕ| ≤ C and
Corollary 2.3. Assume (2.1) holds. Assume that µ(t, x) = µ(x) ≥ 0 and
The following generalization holds:
In order to lift this monotonicity condition, we introduce a slightly technical condition in addition to (2.1).
Definition 2.5. Say t → ω t is regular, if the following holds:
For every positive real constant ε > 0 there exists E(ε) > 0 such that
Corollary 2.6. Assume that (2.1) holds, t → ω t is regular in the sense of Definition 2.5 and
Regularity in the sense of Definition 2.5 holds true if, in addition to (2.1), we require θ to be Kähler. It should be remarked that when ω t is a smooth family of Kähler forms and µ is a smooth positive volume form, the optimal comparison principle holds true and follows from the existence of a classical solution to the Cauchy problem. However, one needs Corollary 2.6 to obtain it by the present methods, the other versions being too weak. On the other hand, the following generalization of this remark covers many cases of interest:
Lemma 2.7. Let π : X → Y be a bimeromorphic morphism onto a normal Kähler variety. Assume ω Y t is a continuous family of smooth Kähler forms on Y . Then ω t = π * ω Y t satisfies (2.1) and is regular in the sense of Definition 2.5.
Proofs.
We start by proving the Theorem and give the proof of the corollaries afterwards.
Proof. We first establish a slightly more general estimate (2.2) assuming µ > 0 is positive.
Namely let µ(t, x) > 0 and ν(t, x) ≥ 0 be two positive continuous volume forms on X T and F, G : R + × X × R −→ R two continuous functions. Let ϕ be a bounded subsolution to the parabolic complex Monge-Ampère equation (2.1) associated to (ω, F, µ) in X T and ψ be a bounded supersolution to the parabolic complex Monge-Ampère equation (2.1) associated to (ω, G, ν) in X T . We assume furthermore that ∂ t ψ ≥ −C locally on X T .
We are going to show that for any fixed δ > 0 small enough, either there exists a point (t,x) ∈]0, T [×X where the function defined bỹ
achieves its maximum on X T and the following inequality is satisfied
or this maximum is achieved at some point (0,x) on the parabolic boundary. This is a global version of ([EGZ14], Lemma 3.1).
Choose a large constant C > 0 such that ϕ and ψ are both ≤ C/4 in L ∞ -norm and fix δ > 0 arbitrarily small. Sinceφ − ψ is upper semicontinuous in [0, T [×X and tends to −∞ when t → T − , the maximum of ϕ − ψ is achieved at some point
and there exists T ′ < T such that it cannot be achieved in
We now focus on the most delicate case when t 0 ∈]0, T ′ [ and assume that the maximum M ofφ(t,
The idea is to localize near the point x 0 and apply the parabolic JensenIshii's maximum principle from [EGZ14] ). Choose complex coordinates z = (z 1 , . . . , z n ) near x 0 defining a biholomorphism identifying an open neighborhood of x 0 to the complex ball B 4 := B(0, 4) ⊂ C n of radius 4, sending x 0 to the origin in C n .
Observe thatφ is upper semi-continuous and satisfies, in
We let h(t, x) be a continuous local potential for ω such that
We may without loss of generality assume that C is choosen so large that h ∞ < C/4.
Consider the upper semi-continuous functioñ
Thenũ satisfies the viscosity differential inequality
whereμ := z * (µ) ≥ 0 is a continuous volume form on B 4 and
,
In the same way, the lower semi-continuous function
satisfies the viscosity differential inequality
whereν := z * (ν) ≥ 0 is a positive and continuous volume form on B 4 and
Observe that the functionsF andG are continuous in [0, T [×B 4 since ∂ t h is continuous.
Then we have
We are going to estimate the number M by applying the parabolic version of Jensen-Ishii's maximum principle.
As in the local case we use a penalization method ( [CIL92] , [EGZ14] ) but we need the localizing trick of [EGZ11] which consists in introducing a new localizing penalization function. For ε > 0, we consider the function defined
where σ is the localizing penalization function constructed in [EGZ11] . This a non negative smooth function σ(x, y) ≥ 0 in X 2 which vanishes to high order only on the diagonal near the origin (0, 0) and is large enough on the boundary of the ball B 3 × B 3 so that σ ≥ 3C onB 2 4 \ B 2 2 , to force the maximum to be attained at an interior point.
The role of function σ is to force the maximum to be asymptotically attained along the diagonal (as in the degenerate elliptic case, see [EGZ11] ). The fact that the second derivative of σ is a quadratic form on R 2n × R 2n which vanishes on the diagonal is going to be crucial in the sequel.
Observe that since σ(0, 0) = 0, we also have
Since we are maximizing an upper semi-continuous function on the com-
Observe that ϕ, ψ, h are bounded by C/4 in the L ∞ -norm in [0, T [×B 4 , while σ ≥ 3C onB 2 4 \ B 2 2 . Therefore for any ε, we have
On the oter hand, for (t, x, y)
Therefore if we assume 0 < δ < CT /4, then for any ε > 0 small enough, we
Lemma 2.8. We have |x ε − y ε | 2 = o(ε). Every limit point (t,x,ŷ) of
Proof. Observe that the first part of lemma is a consequence of [CIL92, Proposition 3.7] . To prove the second part we use following easy observation. From the first part of the lemma, using (2.8) and (2.9), we deduce that
3 . Thus there exist a sequence (t ε j , x ε j , y ε j ) ∈]0, T ′ [×B 2 which converges to (t,x) such that the conditions of the Lemma are satisfied.
We now apply the parabolic Jensen-Ishii's maximum principle (see [EGZ14] ) to u and v with φ(t, x, y) = 1 2ε |x − y| 2 + σ(x, y). For j >> 1, we get the following:
Lemma 2.9. For any γ > 0, we can find (τ
(2) The block diagonal matrix with entries (Q + j , Q − j ) satisfies:
and A is the spectral radius of A (maximum of the absolute values for the eigenvalues of this symmetric matrix). By construction, the Taylor series of σ at any point in ∆∩σ −1 (0) vanishes up to order 2n + 2. In particular,
. This implies A ≃ 1/ε j . We choose γ = ε j and deduce
Looking at the upper and lower diagonal terms we deduce that the eigenvalues of Q 
It is a hermitian matrix. Obviously the eigenvalues of H
we deduce from the viscosity differential inequality satisfied by u that H + j is positive definite and that the product of its n eigenvalues is ≥ c > 0 uniformly in j (see [EGZ14, Theorem 2.5]). In particular its smallest eigenvalue is ≥ cε
From the viscosity differential inequalities satisfied by u and v, we deduce that
Therefore for j > large enough, we get
Then letting j → +∞, we infer the following (see [EGZ14, Lemma 3.1])
Back to ϕ and ψ we then get the required inequality (2.2). If ν = µ > 0 and G = F , then we get δ (T −t) 2 + F (t,x,φ(t,x)) < F (t,x, ψ(t,x)) Since F is non decreasing in the last variable, it follows that ϕ(t,x) ≤ ψ(t,x).
Taking into acount the inequality (2.3), we conclude that
Letting δ → 0 we obtain the theorem.
Proof of corollary 2.2. We first establish a more general estimate. Let µ(t, x) ≥ 0 and ν(t, x) ≥ 0 be two non negative continuous volume forms on X T and F, G : R + × X × R −→ R two continuous functions.
Assume
where A = A(ε) > 0 is a constant to be chosen later. Then
Since ϕ ε ≤ ϕ+M ε, where M is a bound for the L ∞ -norm of ϕ and ∂ t ϕ ≥ −C, it follows that ∂ t ϕ ε ≤ ∂ t ϕ + Cε, in the sense of viscosity and then
if we choose A := εC +M κε−n log(1−ε). Here, we used (2.1.c) to introduce κ a uniform Lipschitz constant for F with respect to the variable r. Therefore
Observe that since ∂ t ϕ ≤ C,
where B 0 > 0 exists thanks to (2.1.d), and choosing η := ε n e −C(1−ε)−B 0 we
Thus ϕ ε is a subsolution to the parabolic equation associated to (ω, F, µ(t, x)+ ηλ 0 ). Since the volume form µ(t, x) + ηλ 0 is positive, we can apply the inequality (2.2) to conclude that (2.12) e δ (T −tε) 2 +F (tε,xε,φ ε (tε,xε)) (µ(t ε ,x ε ) + ηλ 0 ) ≤ e G(tε,xε,ψ(tε,xε)) ν(t ε ,x ε ), when there exists a point (t ε ,x ε ) ∈]0, T [×X whereφ ε − ψ achieves its maximum on X T . In particular, ν(t ε ,x ε ) > 0. If moreover µ = ν, it follows from (2.12) that µ(t,x) > 0 and then (2.13)
If moreover F = G, we conclude as before that
Letting δ → 0 and then ε → 0, we obtain the required inequality ϕ − ψ ≤ max X (ϕ 0 − ψ 0 ) + .
Proof of corollary 2.3. Here we assume that the forms ω do not depend on the time variable. We will try and do the proof when µ depends on t in order to stress the role of the hypothesis that µ is time independant.
We are going to regularize in the time variable to reduce to the previous case. Let ( 
Since ω do not depend on the time variable, if follows that for each k > 1, ϕ k is a subsolution to the parabolic equation associated to (ω, F k , µ k ) and ψ k is a supersolution to the parabolic equation associated to (ω, F k , µ k ) (see [EGZ14] , Lemma 2.5). Recall that
for some α > 0. As in the proof of Corollary 2.2 define, for 0 < ε < 1, ϕ k,ε (t, x) :
Then we can apply the inequality (2.12) in the proof of Corollary 2.2 to deduce that:
where (t,x) = (t δ,k,ε ,x δ,k,ε ) ∈]0, T [×X is a point whereφ k,ε − ψ k achieves its maximum on X T . By constructiont ≤ T δ < T where T δ does not depend on k, ǫ. Since F k , F k → F locally uniformly and µ k = µ k = µ 1 , for k large enough we get
1 Here we use the hypothesis that µ does not depend on t. Without this hypothesis an error term log(
) appears that may diverge to +∞ when ǫ → 0, k being kept fixed, say if µ(t, x) = 0 for t ≤t but µ(t, x) > 0 for t >t.
Since F is non decreasing in the last variable, it follows that for k > 1 large enough and for all 0 < ǫ < 1,
Therefore we get
Now we let k → +∞ and use Dini-Cartan's lemma to conclude that max X T (φ − ψ) ≤ max X (φ(0, ·) − ψ(0, ·)) + , which implies the required estimate as δ → 0.
Proof of corollary 2.4. Now assume that ω depends on t. Then from the proof of Lemma 2.5 in [EGZ14] , we see that for any (t 0 , x 0 ) ∈]0, T [×X there exists t * 0 ∈]t 0 − α/k, t 0 + α/k[ such that ϕ k satisfies the viscosity inequality
where α > 0 is a constant. Now assume that t −→ ω(t, ·) is non decreasing. Then for k > 1 large enough, (ω(t * 0 , x 0 ) ≤ (ω(t 0 + α/k, x 0 ) and then the function u k (t, x) := ϕ k (t − α/k, x) is a a subsolution to the parabolic equation associated to (ω,F k , µ) in ]α/k, T [×X, wherê
In the same way, we see that the function v k := ψ k (t + α/k, x) is a supersolution to the parabolic equation associated (ω,F k , µ) in ]0, T [×X, wherê
Then one modiifes easily the proof of Corollary 2.3, with u k replacing φ k and u k replacing ψ k .
It is clear that the same argument works in the non increasing case.
Proof of corollary 2.6. By Lemma 2.5 in [EGZ14] , ϕ k is a subsolution of the equation associated to ((1 + E(α/k))ω t , F k , µ) whereas ψ k is a supersolution of the equation associated to ((1 − E(α/k))ω t , F k , µ) with α > 0 as above. Hence ϕ k ⋆ = ϕ k 1+E(α/k) is a subsolution of the equation to (ω t , F k − log(1 + E(α/k)), µ) and ψ ⋆k is a supersolution of the equation associated to (ω t , F k + log(1 + E(α/k)), µ). We can now argue exactly as in the proof of Corollary 2.3, with ϕ k ⋆ replacing ϕ k and ψ ⋆k replacing ψ k . 
Barrier constructions
Let X be a compact Kähler manifold of dimension n and ω 0 is semipositive closed (1, 1) form with positive volume. We consider in this section the Cauchy problem on X T (3.1)
where ϕ 0 is a given continuous ω 0 -plurisubharmonic function on X and α ∈ R + . The Cauchy problem does not necessarily admit a solution when µ vanishes identically on an open set (see Proposition 3.7). We first treat the case when µ > 0 is positive, and then allow µ to vanish along pluripolar sets. This latter setting contains as a particular case the Kähler-Ricci flow on varieties with canonical singularities.
We will mainly focus on the case α = 0. The case α > 0 is actually easier and can be reduced to the previous one by a change of time variable. We also need to impose some uniformity in the positivity properties of the forms we are dealing with:
We assume in the whole section that X is a compact Kähler manifold of dimension n and there exists a closed real (1, 1)-form θ on X whose cohomology class is semi-positive and a Kähler form Θ such that for all 0 ≤ t ≤ T , the background continuous family of closed (1, 1)-forms satisfies:
3.1. Existence of sub/super solutions.
Lemma 3.1. The Cauchy problem (3.1) admits a continuous subsolution u, Lipschitz in the variable t. Assume µ(t, x) ≥ f 0 (x)dV , where f 0 ≥ 0 is a continuous density such that
Then, there exists a continuous supersolution v, Lipschitz in the variable t.
Moreover we can choose these so that
Proof. By [EGZ09] , there exists a continuous θ-psh function ρ 1 in X such that (θ + dd c ρ 1 ) n = c 1 dV in the weak sense on X, where c 1 is a normalizing constant. We can normalize ρ 1 so that ρ 1 ≤ ϕ 0 in X. Define for C 1 > 0, the function u := −C 1 t + ρ 1 (x). Then, by Lemma 1.4, if C 1 >> 1 is choosen so large that e −C 1 sup X T µ ≤ c 1 dV , the function u is a subsolution to the Cauchy problem (3.1).
In the same way we construct a supersolution. Since f 0 ≥ 0 is a bounded upper semi-continuous function on X and X f 0 dV > 0, there exists a continuous Θ-psh ρ 2 satisfying
in the weak sense on X, where c 2 is a normalizing constant (by [Kol98, EGZ11] ). We normalize ρ 2 so that ρ 2 ≥ ϕ 0 in X. Consider the function
where C 2 > − log c 2 is a positive constant. Lemma 1.4 implies then that v is also a supersolution to the parabolic complex Monge-Ampère equation (3.1). Since v ≥ ϕ 0 in X we obtain a continuous supersolution to the Cauchy problem (3.1).
Corollary 3.2. Assume either µ > 0 or the hypotheses of Corollaries 2.4 or 2.6 are satisfied in addition to those of lemma 3.1( †). Then the Cauchy problem (3.1) is admissible.
Fix u, v a subsolution and a supersolution of the Cauchy problem (3.1). We are now in the position to apply Proposition 1.11. The natural candidate to be a solution is the upper envelope of subsolutions
where S denotes the family of all subsolutions to the Cauchy problem (3.1). We let ϕ * denote the upper semi-continuous regularization of ϕ and ϕ * denote its lower semi-continuous regularization. It follows that: The lower semi-continuous regularization ϕ * is thus a supersolution to the parabolic Monge-Ampère equation in ]0, T [×X and they satisfy then for all
If we could make sure that ϕ * ≤ ϕ 0 ≤ ϕ * on the parabolic boundary {0} × X, it would follow from the inequality (3.4) that ϕ * = ϕ * = ϕ is a unique viscosity solution of the Cauchy problem. Establishing this classically requires the construction of barriers at each boundary point in {0} × X.
Existence of barriers.
Definition 3.4. Fix (0, x 0 ) ∈ {0} × X and ε ≥ 0.
1. An upper semi-continuous function u : X T −→ R is an ε-subbarrier to the Cauchy problem (3.1) at the boundary point (0, x 0 ), if
• u is a subsolution to the Monge-Ampère flow (3.1) in ]0, T [×X,
When ε = 0, u is called a subbarrier.
2. A lower semi-continuous function v : X T −→ R is an ε-superbarrier to the Cauchy problem (3.1) at the boundary point (0, x 0 ), if
• v is a supersolution to the Monge-Ampère flow (3.1) in ]0, T [×X,
When ε = 0 v is called a superbarrier.
We now investigate the existence of sub/super-barriers.
Proposition 3.5.
1. Assume ω 0 ≤ ω t and fix ε > 0. There exists a continuous function U ε in X T := [0, T [×X, Lipschitz in t which is an ε-subbarrier to the Cauchy problem (3.1) at any point (0, x 0 ) ∈ {0} × X.
2. Assume µ(t, x) > 0 in X T and fix ε > 0. There exists a continuous function V ε in X T , Lipschitz in t, which is a ε-superbarrier to the Cauchy problem (3.1) at any point (0, x 0 ) ∈ {0} × X.
As the proof will show one can moreover impose that for all (t, x) ∈ X T ,
where C 1 , ρ 1 , C 2 , ρ 2 are independent of ε and given in Lemma 3.1.
Proof. 1. By [EGZ11] , since µ is continuous, there exists w 0 a continuous θ-psh function on X such that (θ + dd c w 0 ) n ≥ e w 0 µ. Adding a negative constant we can always assume that w 0 ≤ ϕ 0 in X.
Fix ε > 0, η = η ε > 0, C = C ε > 0 (to be chosen below) and set
This is a continuous function in X T such that for any t ∈ [0, T [. Since ω 0 ≤ ω t , u t is ω t -psh in the space variable x ∈ X and satisfies the differential inequalities
while ∂ t u = −C in X T . We choose C = C(η) > 1 large enough so that η n e w 0 ≥ e −C , hence for each t ∈]0, +T [ we have
We can choose η > 0 so small that η sup X (ϕ 0 − w 0 ) ≤ ε and Lemma 1.4 enables to conclude that u is an ε−subbarrier for the Cauchy problem (3.1) at any point (0, x 0 ).
We can moreover use Lemma 3.1 to find a bounded subsolution −C 1 t + ρ 1 to the Cauchy problem (3.1) which is independent of ε. Set for (t, x) ∈ X T ,
The function U is also an ε-subbarrier to the Cauchy problem (3.1) at any boundary point (0, x 0 ) ∈ {0} × X.
2. Constructing superbarriers. Fix ε > 0. Since Θ is Kähler and ϕ 0 is in particular a Θ-psh function in X (recall that ω 0 ≤ Θ), there exists a C ∞ -smooth Θ-psh functionφ 0 in X such that ϕ 0 ≤φ 0 ≤ ϕ 0 + ε in X (see [Dem92] , [BK07] ). Thus there is a constant C > 0 such that
pointwise on X, as we are assuming µ > 0. Set v(t, x) :=φ 0 (x) + Ct in X T and observe that
Since ω t ≤ Θ we infer that v t also satisfies, in the viscosity sense:
Therefore v is a continuous ε-superbarrier to the Cauchy problem (3.1) at any boundary point in {0} × X.
Using Lemma 3.1 and the condition Θ ≥ ω t , we moreover obtain a supersolution ρ 2 + C 2 t to the Cauchy problem (3.1) and set for (t, x) ∈ X T ,
This V is an ε-superbarrier to the Cauchy problem (3.1) at any boundary point (0, x 0 ) ∈ {0} × X.
Remark 3.6.
1. If the Cauchy data ϕ 0 is a continuous θ-psh function on X satisfying (θ + dd c ϕ 0 ) n ≥ e ϕ 0 µ, then we can take w 0 = ϕ 0 in the above construction of subbarriers. The corresponding function U is then a bounded continuous subsolution, which is uniformly Lipschitz in t and satisfies U (0, ·) = ϕ 0 , i.e. U is a subbarrier to the Cauchy problem (3.1).
2. If the Cauchy data ϕ 0 is a continuous Θ-psh function on X such that (Θ + dd c ϕ 0 ) n has an L ∞ -density, then we can takeφ 0 = ϕ 0 and ε = 0 in the above construction of superbarriers. We thus obtain a bounded continuous supersolution V which is uniformly Lipschitz in t and such that V (0, ·) = ϕ 0 in X, i.e. V is a superbarrier to the Cauchy problem (3.1).
3.3. Non negative densities. We explain in this section a non existence result: when µ vanishes on an open set, there is no solution unless the initial data has special properties. 
We claim that for almost every t > 0, the function ϕ t is a continuous ω t -psh function on X, which is a viscosity solution of the elliptic equation
This is clear if ϕ is a classical solution. To treat the general case we use inf convolution to approximate ϕ by an increasing sequence (ϕ j ) of semi-concave functions which satify the same equation on a slightly smaller domain that we still denote by [0, δ] × D for simplicity. The functions ϕ j admit a (1, 2)-Taylor expansion almost everywhere, hence for a.e. (t, x),
Fixing one such t, it follows that for almost every x,
It follows that the latter actually holds everywhere in D in the viscosity sense (see [EGZ14] ). Since ϕ j increases to ϕ, it follows from the continuity of the complex Monge-Ampère operator along montone sequences that for almost every t the function ϕ t satisfies (ω + dd c ϕ(t, ·)) n = 0 in D.
Note finally that ϕ t → ϕ 0 uniformly, hence ϕ 0 is maximal in D.
3.4. Canonical vanishing: existence of solutions. We now restrict our attention to semi-positive measures
where f > 0 is a positive continuous density and u is quasi-plurisubharmonic function that is exponentially continuous (i.e. such that e u is continuous). The measure µ is thus allowed to vanish only along the closed pluripolar set (u = −∞), in a time independent fashion.
Lemma 3.8. For any ε > 0 there exists a lower semi-continuous function w : [0, T [×X −→ R, which is an ε-superbarrier to the Cauchy problem (3.1) at any boundary point (0, x 0 ) with u(x 0 ) > −∞.
Proof. We can assume without loss of generality that u ≤ 0 is a Θ-psh function on X. Fix ε > 0. From the approximation theorem of Demailly (see [Dem92] , [BK07] ), it follows that there exists a smooth Θ-psh functioñ
where Ω := {x ∈ X | u(x) > −∞} is open and C > 0 is a constant to be chosen later. Observe that v is continuous in [0, T [×Ω and satisfies
in the sense of currents in Ω. Since dd c u + Θ ≥ 0, for 0 < t ≤ T , we have
in the sense of currents in Ω. We choose C > 1 so big that (2Θ + dd cφ 0 ) n ≤ e C dV . This we can do since 2Θ + dd cφ 0 is a smooth positive form on X. Note that e ∂tv = e C−u thus it follows from Lemma 3.9 that v satisfies the viscosity parabolic differential inequality (Θ + dd c v t ) n ≤ e ∂tv µ in [0, T [×Ω. As ω t ≤ Θ, Lemma 3.9 also implies that v is a supersolution to the parabolic Monge-Ampère equation
On the other hand we know that there exists a (continuous) supersolution v to the parabolic Monge-Ampère equation 
Fix a point x 0 ∈ X such that u(x 0 ) > −∞. Then w * (0, x 0 ) = w(0, x 0 ) ≤ ϕ 0 (x 0 ) + ε, hence w is an ε-superbarrier at such a point.
In the proof above, we have used the following technical result:
Lemma 3.9. Let µ ≥ 0 be a continuous volume form on some domain D. Let ψ be a bounded lower semi-continuous function in D ⊂ X and ρ a C 2 -smooth function in D such that dd c ψ ≤ dd c ρ in the sense of currents. Then (dd c ψ) n ≤ (dd c ρ) n + in the viscosity sense in D. If Θ 1 and Θ 2 are smooth closed real (1, 1)-forms in X such that Θ 1 ≤ Θ 2 and (Θ 2 + dd c ψ) n ≤ µ in the viscosity sense, then (Θ 1 + dd c ψ) n ≤ µ in the viscosity sense.
Recall that (dd c ρ) + is the (1, 1)-form defined pointwise by (dd c ρ) + (x 0 ) := dd c ρ(x 0 ) if dd c ρ(x 0 ) ≥ 0 and 0 otherwise. ρ(x 0 ) ) n . This proves the first statement.
The proof of the second statement goes along the same lines.
Definition 3.10. Say t → ω t is very regular if it is regular in the sense of definition 2.5 and there exists η > 0, a function of class
As we will see in the next section, this condition is satisfied in many geometric situations and the following result will be important for our applications.
Theorem 3.11. Assume that µ = e u f dV is as above and t → ω t is non decreasing or is very regular in the sense of Definition 3.10. Then the maximal subsolution ϕ constructed in Proposition 1.11 is a unique viscosity solution to the Cauchy problem (3.1).
Proof. We first assume t → ω t is non decreasing.
By Proposition 3.5, given ε > 0 there exists a continuous ε-subbarrier U at any point (0, x 0 ) ∈ {0}×X i.e. U ≤ ϕ and U (0, x 0 ) ≥ ϕ 0 (x 0 )−ε. Since U is continuous, it follows that U ≤ ϕ * in R + ×X, hence ϕ * (0, x 0 ) ≥ ϕ 0 (x 0 ) for any x 0 ∈ X. This shows that ϕ * is a supersolution to the Cauchy problem (3.1).
We claim that ϕ * (0, ·) ≤ ϕ 0 in X. Indeed if we fix ε > 0, by Lemma 3.8 there exists an ε-superbarrier w to the Cauchy problem (3.1) in [0, T [×X at any point (0, x 0 ) with u(x 0 ) > −∞.
Since w is a supersolution to the Cauchy problem (3.1) in [0, T [×X, it follows from the comparison principle and the continuity of w that ϕ ≤ w in ]0, T [×X. Since w is continuous up to the boundary,
Therefore ϕ * (0, ·) ≤ ϕ 0 almost everywhere in X, since the set {u = −∞} has Lebesgue measure 0. Since the slice function ϕ * (t, ·) is ω t -plurisubharmonic for all t > 0 ([EGZ14], Theorem 2.5), and f * is upper semicontinuous on
We have proven that φ * 0 ≤ φ 0 ≤ φ * . It follows therefore from Lemma 3.3 that ϕ * = ϕ * = ϕ = ψ in [0, T [×X is the unique solution to the Cauchy problem (3.1).
Definition 3.10 is an ad hoc definition whose only virtue is to allow the construction of a subbarrier in Proposition 3.5 be carried out by:
The superbarrier construction is completely insensitive to this difficulty and the theorem follows.
3.5. Comparison with the vanishing viscosity method. We consider in this section the following ε-perturbation of Cauchy problem (3.1) on X T with canonical vanishing given by a quasi-plurisubharmonic function w:
where ϕ 0 is a given continuous ω 0 -plurisubharmonic function on X.
Here ε ≥ 0 is a non negative constant and Θ is a Kähler form. Then, if t → ω t is very regular, t → εΘ + ω t is very regular too. In particular, Theorem 3.11 applies and for every ε ≥ 0 we have a viscosity solution φ(ε) of the above ε-perturbed complex Monge-Ampère flow.
Proposition 3.12. φ(ε) converges locally uniformly to φ(0) in R + × X as ε → 0.
Proof. Since φ(ε ′ ) is a supersolution of ε-perturbed complex Monge-Ampère flow whenever ε ′ ≥ ε, the comparison principle implies that
Using [CIL92, section 6] (see also [EGZ14, Lemma 1.7]) we conclude with the comparison principle for ε-perturbed complex Monge-Ampère flows.
Remark 3.13. One could also perturb µ to a smooth positive volume form.
Applications
In this section we show that our hypotheses are satisfied when studying the (Normalized) Kähler-Ricci flow on a variety with canonical singularities. We prove the existence and study the behaviour of the normalized Kähler-Ricci flow (NKRF for short) on such varieties starting from an arbitray closed positive current with continuous potential. 
starting from an initial data ω 0 = χ 0 + dd c φ 0 with φ 0 being a continuous potential which is plurisubharmonic with respect to the given Kähler form χ 0 on Y . At the cohomological level, this yields a first order ODE showing that the cohomology class of ω t evolves as
We thus defined by Proof. Fix T < T max . Since for any t ∈ [0, T ], e −t {ω 0 }+(1−e −t )K Y ∈ K(Y ), one can show that there exists a smooth family of Kähler forms (χ t ) 0≤t≤T ∈ K(Y ) such that for any t ∈ [0, T ], {χ t } = {ω t }. Observe that if K Y is semiample then T max = +∞ and we can take χ t := e −t χ 0 + (1 − e −t )χ, where χ is a smooth semi-positive representative of the canonical class K Y .
In any case we can write ω t = χ t + dd c φ t , where φ is a solution to the corresponding Monge-Ampère flow at the level of potentials,
on a log resolution π : X → Y , where µ N KRF is a volume form on X with canonical vanishing i.e. locally µ N KRF = Π E |f E | 2a E dV X . Here we write ϕ := π * φ and θ t := π * χ t . Since (χ t ) 0≤t≤T is a smooth family of Kähler forms on Y , it follows that the family of forms [0, T [∋ t −→ θ t is very regular on X in the sense of Definition 3.10. Therefore we can apply Theorem 3.11 to get a unique solution to the Monge-Ampère flow on X T for any fixed T < T max starting at ϕ 0 . By uniqueness all these solutions glue into a unique solution of the Monge-Ampère flow on [0, T max [×X starting at ϕ 0 . Pushing this solution down to Y we obtain a solution to the NKRF starting at S 0 .
We have recovered by a zeroth order method one of the main results in [ST09] . Our viscosity solution can be identified with their weak solution thanks to Proposition 3.12.
If Y is minimal, i.e.: K Y is nef, the flow is defined up to existence time T = +∞, and it is natural to enquire about its long-term behaviour. The sequel of this and the following section will be mainly devoted to the study of this problem.
Turning briefly our attention to the case when −K Y is ample, it follows from Lemma 1.8 that a similar result holds when Y is a Q-Fano variety. We refer the reader to [BBEGZ11] for background on Q-Fano varieties. The The convergence is uniform at the level of (properly normalized) potentials. One can further show that the convergence holds in the C ∞ -sense in Y reg (see [ST12] ), if S 0 is a smooth Kähler form on Y .
Proof. We work on a log resolution π :
where ϕ KE ∈ P SH(X, θ 0 ) ∩ C 0 (X) is a viscosity/pluripotential solution of the elliptic degenerate complex Monge-Ampère equation
Thus ϕ KE is a fixed point (= static solution) of the NKRF and the comparison principle yields
We can actually reinforce this uniform control by applying the comparison principle to the functions u(t, x) = e t ϕ(t, x) and u KE (t, x) = e t ϕ KE (x) which are e t θ 0 -psh in X: observe indeed that t → e t θ 0 is non decreasing and the u t 's satisfy the twisted parabolic Monge-Ampère equation
It follows therefore from Remark 2.10 that for all t > 0,
from which the conclusion follows.
4.2.2.
Starting from an arbitrary class. Here we come back to the general case when K Y is nef and big.
Theorem 4.3. Given any initial data S 0 which is an arbitrary positive current with continuous potentials in the Kähler class {χ 0 }, the Kähler-Ricci flow
can be run from S 0 and converges, as t → +∞, towards S KE .
Again the convergence is uniform at the level of (properly normalized) potentials. One can further show that the convergence holds in the C ∞ -sense in Y reg (see [ST12] ), if S 0 is a smooth Kähler form on Y .
Proof. Theorem 4.1 implies that the equation (4.2) has a unique solution starting from S 0 . It is clear that at the level of cohomology classes {ω t } → c 1 (K Y ) as t → +∞. We want to show that this is the case for the flow itself. This can be done using the comparison principle at the level of potentials.
We work on a log resolution π : X → Y so that (4.2) is equivalent to the following Monge-Ampère flow:
where θ t := π * (χ t ) and µ N KRF is a volume form with canonical vanishing i.e. locally µ N KRF = Π E |f E | 2a E dV X . Let φ KE be the potential of the singular Kähler-Einstein metric S KE on Y given by [EGZ09] i.e. S KE = χ + dd c φ KE and (χ + dd c φ KE ) n = e φ KE dV Y . Define θ ∞ := π * (χ) and ϕ KE := π * (φ KE ). Then the Kähler-Einstein equation can be written as
The proof will be completed in three steps.
Step 1: We first establish a lower bound for the solution ϕ by finding an appropriate subsolution to the Cauchy problem for the flow (4.1). Consider
on R + × Y , where h is a C 1 function in R + to be chosen so that u is a subsolution to the Cauchy problem for the flow (4.1).
Observe that u(0, x) = ϕ 0 if h(0) = 0 and for all t > 0,
in the weak sense of currents, hence u t is θ t -psh and satisfies the inequality
in the pluripotential sense on X.
On the other hand ∂ t u + u = ϕ KE + h ′ (t)e −t thus u is a subsolution if (1 − e −t ) n ≤ e h ′ (t)e −t . We therefore choose h to be the unique solution of the ODE h ′ (t) = ne t log(1 − e −t ) with h(0) = 0. We let the reader check that h(t) = n (e t − 1) log(e t − 1) − e t log(e t ) = O(t) as t → +∞.
It follows therefore from Lemma 1.4 that u is a subsolution to the Cauchy problem for the normalized Monge-Ampère flow (4.1). By the comparison principle we have u ≤ φ in R + × X i.e.
The proof of the upper bound is done by constructing an appropriate supersolution to the Cauchy problem. The construction is more involved and uses our earlier results in the degenerate elliptic case. We proceed in two steps
Step 2: We first assume that K Y is ample. Fix β an arbitrary Kähler form on X and set θ t := e −t θ 0 + (1 − e −t )β. Let ϕ be the solution to the Monge-Ampère flow (4.4) (θ t + dd c ϕ t ) n = e ∂tϕ+ϕ µ N KRF , and let ψ be the solution to the degenerate elliptic equation
Assume moreover that θ 0 ≤ β and consider the function
in the sense of viscosity on X. Therefore v is a supersolution to the flow (4.4) and the comparison principle yields the upper bound
When β is an arbitrary Kähler form on X, it follows from the definition of θ t that there exists T >> 1 such that θ t ≤ 2β for t ≥ T . The Kähler-Ricci flow starting from the current θ T + dd c ϕ T has a unique solution given by φ(t, x) := ϕ(t + T, x) for (t, x) ∈ R + × X. Translating in time we can thus assume that θ 0 ≤ 2β. Set
where h is a smooth function, h(0) = 0 and B := max X (ϕ 0 − 2ψ) so that v 0 ≥ ϕ 0 . We want v to be a supersolution of the flow (4.4). Since dd c v t +θ t ≤ (1 + e −t )(dd c ψ + β) we get
Since ∂ t v + v = ψ − h ′ (t)e −t we impose −h ′ (t)e −t = n log(1 + e −t ). Observe again that h(t) = O(t). By the comparison principle we conclude that
From (4.3) and (4.6) we conclude, when K Y is ample that |ϕ t − ϕ KE | = O(te −t ) as t → +∞.
Step 3: We now establish the upper bound when K Y is merely nef and big. We set β = θ ∞ := π * (χ), where χ is semi-positive and big and represents the canonical class K Y . The solution to the corresponding (4.5) is the function function ψ = ϕ KE .
It follows from Theorem 3.11 that the corresponding complex MongeAmpère flow on a log resolution π : X −→ Y with initial data ϕ 0 := φ 0 • π has a unique viscosity solution ϕ. This shows in particular that the Kähler-Ricci flow in the sense of Definition 1.9 can be run on Y from an initial data S 0 which is an arbitrary positive current with continuous potentials. The solution exists for all times t > 0. Again, we recover one of the main results of [ST09] .
It follows from [EGZ09, Theorem 7.5] that Y admits a unique singular Ricci flat Kähler-Einstein current S KE in the Kähler class {θ 0 }, which is a smooth bona fide Kähler-Einstein metric on the regular part Y reg of Y , and admits globally continuous potentials at singular points Y sing , thanks to [EGZ11] . can be run from S 0 and converges, as t → +∞, towards the singular Ricci flat Kähler-Einstein current S KE ∈ α 0 .
The convergence here is uniform on Y at the level of (properly normalized) potentials. A parabolic version of Yau's C 2 -estimate, together with Tsuji's trick and parabolic Evan's-Krylov+Schauder theory allow to show that the convergence holds in the C ∞ -sense in Y reg (see [ST12] ) when S 0 is a smooth Kähler form on Y .
Proof. The Kähler-Ricci flow (4.9) is equivalent to the following complex Monge-Ampère flow on X, a log resolution π : X −→ Y (4.10) (θ 0 + dd c ϕ t ) n = e ∂tϕ µ N KRF , starting at ϕ 0 with the usual notations. By Theorem 3.11, this flow has a unique solution ϕ defined in R + × X. Observe that the solution ϕ is uniformly bounded in R + × X. Indeed let ρ be a solution to the degenerate elliptic equation (θ 0 + dd c ρ) n = dV Y on Y normalized by max X (ϕ 0 − ρ) = 0, which exists by [EGZ09] . The function ψ(t, x) := ρ(x) is a solution to the Monge-Ampère flow (4.10) with Cauchy condition ψ 0 = ρ. By the comparison principle we conclude that for any (t, x) ∈ R + × X, we have ρ(x) − max X (ρ − ϕ 0 ) ≤ ϕ(t, x) ≤ ρ(x).
This shows that there exists uniform constants m 0 , M 0 such that m 0 ≤ ϕ(t, x) ≤ M 0 for all (t, x) ∈ R + × X.
The proof of the convergence theorem goes by approximating by perturbed complex Monge-Ampère flows and by using the comparison principle as in the proof of [EGZ14, Theorem 5.2].
Pushing down everything to Y we see that ω t = θ 0 + dd c φ t → θ 0 + dd c u = S KE , as t → +∞, as claimed. admits a unique solution ω t = χ 0 + tχ + dd c φ t , with • for all 0 < t < T max , the function x → ϕ t (x) is a χ t -psh function on Y which is smooth in Y reg ; • (t, x) → ϕ(t, x) continuous on [0, T max [×Y .
Proof. When K Y is semi-ample, we can assume χ ≥ 0 hence t → θ t = θ 0 +tχ is non-decreasing. In the general case since θ 0 > 0 is Kähler, there exists a constant A > 0 such that −χ ≤ Aθ 0 in Y . Therefore the family t −→ θ t = θ 0 + tχ is very regular in the sense of Definition 3.10. The result is thus an immediate consequence of Theorem 3.11.
The continuity of ϕ at singular points of Y sing is the novelty here: this is the parabolic analogue of the main application of [EGZ11] .
For complex Monge-Ampère flows starting from even more degenerate initial data, we refer the reader to [GZ13] , where the work of Song-Tian is extended so as to allow the Kähler-Ricci flow to be run from a positive current with zero Lelong numbers. Our viscosity approach can also be used It follows from [KM, Lemma 3.38] 3 that Y + has terminal singularities. Also, if Y , Z are projective and Y is Q-factorial, then Y + is Q-factorial. One can construct a diagram:
where X is smooth, π − , π + are log-resolutions such that Exc(π + ) ∪ Exc(π + ) is a divisor with simple normal crossings, ψ + ψ − are proper bimeromorphic holomorphic map. By construction, −K Y is ψ − -ample, K Y + is ψ + -ample and one has the following properties:
3 Stated for algebraic varieties. The proof however goes through in the complex analytic category since ψ − is a projective morphism due to the fact that −KY is ψ − -ample.
